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The magnetostatic mode (MSM) spectrum of a 300µm diameter single crystalline sphere of yttrium iron
garnet is investigated using broadband ferromagnetic resonance (FMR). The individual MSMs are identified
via their characteristic dispersion relations and the corresponding mode number tuples (nmr) are assigned.
Taking FMR data over a broad frequency and magnetic field range allows to analyze both the Gilbert
damping parameter α and the inhomogeneous line broadening contribution to the total linewidth of the
MSMs separately. The linewidth analysis shows that all MSMs share the same Gilbert damping parameter
α = 2.7(5)× 10−5 irrespective of their mode index. In contrast, the inhomogeneous line broadening shows a
pronounced mode dependence. This observation is modeled in terms of two-magnon scattering processes of
the MSMs into the spin-wave manifold, mediated by surface and volume defects.
The ferrimagnetic insulator yttrium iron garnet (YIG)
has numerous applications in technology and funda-
mental research due to its low intrinsic Gilbert damp-
ing and large spin-wave propagation length.1 It is used
as prototypical material in various experiments in spin
electronics2–4 and spin caloritronics5,6 and is indispens-
able for microwave technology.
Recently, YIG spheres attracted attention in the
field of quantum information technology.7–15 For exam-
ple, strong coupling between magnons and photons in
YIG/cavity hybrid systems can be employed for the up-
and down-conversion of quantum signals between mi-
crowave and optical frequencies, enabling a long-range
transmission of quantum information between microwave
quantum circuits.14–16 Here, the damping of the mag-
netic excitation plays a crucial role, since it limits the
time-scale in which energy and information is exchanged
and stored in the magnon-photon hybrid system.
One type of magnetic excitations in YIG spheres17–19
are magnetostatic modes (MSMs) which resemble stand-
ing spin-wave patterns within the sphere. Although the
linewidth of MSMs in YIG spheres has been studied at
fixed frequencies in the past,20–22 the respective contri-
butions of intrinsic Gilbert damping and inhomogeneous
line broadening23 to the total linewidth have not yet been
investigated. In particular, it is not evident from the
literature, whether different MSMs feature the same or
different Gilbert damping.24,25
Here, we report on the study of dynamic properties of
multiple MSMs for a 300µm diameter YIG sphere us-
ing broadband ferromagnetic resonance. The frequency
a)Electronic mail: stefan.klingler@wmi.badw.de
and magnetic field resolved FMR data allows to separate
Gilbert damping and inhomogeneous line broadening of
the MSMs. One and the same Gilbert damping parame-
ter α = 2.7(5)×10−5 is found for all MSMs, independent
of their particular mode index. However, the inhomoge-
neous line broadening markedly differs between the ob-
served MSMs. This finding is attributed to two-magnon
scattering processes of the MSMs into the spin-wave man-
ifold, mediated by surface and volume defects.
The MSM profiles and eigenfrequencies of a magnetic
sphere can be calculated in the magnetostatic approx-
imation ∇ × H = 0,17–19 using the Landau-Lifshitz-
Gilbert equation (LLG).26,27 The resonance frequencies
Ω of the MSMs are obtained by solving the characteristic
equation:17–19
n+ 1 + ξ0
dPmn (ξ0)/dξ0
Pmn (ξ0)
±mν = 0, (1)
where ξ20 = 1 + 1/κ, κ = ΩH/
(
Ω2H − Ω2
)
, ν =
Ω/
(
Ω2H − Ω2
)
, ΩH = µ0Hi/µ0Ms and Ω = ω/γµ0Ms.
Here, γ = gJµB/~ is the gyromagnetic ratio, gJ is the
Lande´ g-factor, µB is the Bohr magneton, ~ is the reduced
Planck constant, µ0 is the vacuum permeability and Ms
is the saturation magnetization. The angular frequency
of the applied microwave field is denoted as ω = 2pif .
The internal field is given by Hi = H0 +Hani +Hdemag,
where H0 is the applied static magnet field, Hani is the
anisotropy field, and Hdemag = −Ms/3 is the demagneti-
zation field of a sphere.
The mode profiles of the MSMs have the form of asso-
ciated Legendre polynomials Pmn , where the localization
of the MSMs at the surface is related to the mode index
n ∈ N.21 The index |m| ≤ n corresponds to an angular-
momentum quantum number of the MSM,28 where the
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2bar above the mode index m is used for indices m < 0.
The index r ≥ 0 enumerates the solutions of the char-
acteristic equation (1) for given n and m for increasing
frequencies.18,29 In total, each MSM is uniquely identi-
fied by the index tuple (nmr). For more information and
plots of the MSM mode patterns, the review of Ref. 19
is recommended.
The Gilbert damping parameter phenomenologically
accounts for the viscous (linearly frequency-dependent)
relaxation of magnetic excitations. Assuming a domi-
nant Gilbert-type damping for all MSM modes, the full
linewidth at half maximum (FWHM) ∆f (nmr) of a MSM
resonance line at frequency f
(nmr)
res is given by:30
∆f (nmr) = 2αf (nmr)res + ∆f
(nmr)
0 . (2)
Here, ∆f0 denotes the inhomogeneous line broadening
contributions to the total linewidth. For a two-magnon
scattering process mediated by volume and surface de-
fects the latter can be written as:21
∆f
(nmr)
0 = ∆fm-mF
(nmr) + ∆f00 . (3)
Here, ∆fm-m accounts for the two-magnon scattering pro-
cess of the MSMs into the spin-wave manifold.21,22,31 The
factor F (nmr) represents the ratio of the linewidth of a
particular MSM with respect to the uniform precessing
(110)-mode.21,22,32,33 It therefore accounts for the surface
sensitivity of the specific mode compared to the (110)-
mode. The two-magnon scattering processes can be sup-
pressed if a perfectly polished YIG sphere is used, due to
the vanishing ability of the system to transfer linear and
angular momentum from and to the lattice.21 The term
∆f00 represents a constant contribution to the linewidth
in which all other frequency-independent broadening ef-
fects are absorbed. The complete scattering theory used
in this letter is presented in Ref. 21.
Fig. 1 (a) shows a sketch of the measurement setup.
The YIG sphere with a diameter of d = 300µm is placed
in a disk shaped Vespel sample holder (diameter 6 mm,
not shown), which has a centered hole with a diameter
of 350µm. The sphere in the sample holder is exposed
to a static magnetic field in order to align the easy [111]-
direction of the YIG crystal parallel to the field direc-
tion. The orientation of the sphere is subsequently fixed
using photoresist and the alignment is confirmed by Laue
diffraction.
The oriented YIG sphere is placed on a 50 Ω impedance
matched coplanar waveguide (CPW) structure. The
sphere is placed in the middle of the w = 300µm wide
center conductor, with the YIG [110]-axis aligned par-
allel to the long axis of the center conductor of the
CPW. Additionally, a pressed crumb of Diphenylpicryl-
hydrazyl (DPPH) is glued on the center conductor, where
the distance between the YIG sphere and the DPPH is
l ≈ 1 cm. DPPH is a spin marker with a g-factor34 of
gDPPH = 2.0036(3). The measurement of its resonance
frequency
fDPPH = gDPPH
µB
2pi~
µ0H
DPPH
0 (4)
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FIG. 1. (a) The CPW with the YIG sphere and the DPPH
is positioned in the homogeneous field of an electromagnet.
The CPW is connected to port 1 (P1) and port 2 (P2) of a
vector network analyzer (VNA). The YIG sphere is placed
on top of the center conductor of the CPW with its [111]-
axis parallel to the applied magnetic field H0 in z-direction.
(b) Typical normalized transmission spectrum of the (530)-
mode at µ0H0 = 0.8 T (symbols) including a fit to Eq. (5)
(lines).
provides an independent magnetic field reference at the
sample position, in addition to Hall probe measurements.
The static magnetic field calculated from the DPPH
resonance frequency is denoted as HDPPH0 . The stray
field originating from the YIG sphere at the location of
the DPPH creates a systematic measurement error of
δµ0Hstray ≤ 40µT, as estimated using a dipole approxi-
mation.
For the broadband FMR experiments, the CPW is po-
sitioned between the pole shoes of an electromagnet with
a maximum field strength of |µ0H0| ≤ 2.25 T. The pole
shoe diameter is a = 6 cm, while the pole shoe sepa-
ration is a/2, to ensure a sufficient homogeneity of the
applied magnetic fields. The measured radial field gra-
dient creates a systematic field measurement error of
δµ0Hdisp = 0.3 mT for l = 1 cm displacement from the
center axis.
The CPW is connected to port 1 (P1) and port 2 (P2)
of a vector network analyzer (VNA) and the complex
scattering parameter S21 is recorded as a function of H0
and f ≤ 26.5 GHz. The applied microwave power is -
20 dBm to avoid non-linear effects causing additional line
broadening. The microwave current flowing along the
center conductor generates a microwave magnetic field
predominately in the x-direction at the location of the
YIG sphere. This results in an oscillating torque on
the magnetization, which is aligned in parallel to the z-
direction by the external static field H0. For f = f
(nmr)
res ,
the excited resonant precession of the magnetization re-
sults in an absorption of microwave power.
In order to eliminate the effect of the frequency depen-
dent background transmission of the CPW, the following
measurement protocol is applied: First, S21 is measured
for fixed H0 in a frequency range fDPPH±1 GHz. Second,
S21 is measured for the same frequency range at a slightly
3FIG. 2. (a) Normalized transmission magnitude |∆S21|
plotted versus applied magnetic field µ0H0 and microwave
frequency f relative to the DPPH resonance fDPPH. The
contrast between the dashed lines is stretched for better vis-
ibility. (b) Calculated and measured dispersions of various
MSMs (lines and open circles, respectively).
larger magnetic field H0 + ∆H0, with µ0∆H0 = 100 mT.
Since for this field no YIG and DPPH resonances are
present in the observed frequency range, the latter mea-
surement contains the pure background transmission.
Third, the normalized transmission spectra is obtained
as ∆S21 = S21(H0)/S21(H0 + ∆H0), which corrects the
magnitude and the phase of the signal. This procedure is
repeated for all applied magnetic fields. The transmitted
magnitude around the resonance can be expressed as:30
∆S21(f) = A+Bf+
Z(
f
(nmr)
res
)2
− if2 − if∆f (nmr)
. (5)
Here, A is a complex offset parameter, B is a complex lin-
ear background and Z is a complex scaling parameter.35
Fig. 1 (b) exemplary shows the real and imaginary part of
∆S21 for the (530)-mode at µ0H0 = 0.8 T. In addition, a
fit of Eq. 5 to the data is shown, which adequately models
the shape of the resonances.
Fig. 2 (a) shows the normalized transmitted magnitude
|∆S21| as a function of H0 and f − fDPPH on a linear
color-coded scale. The frequency axis is chosen relative
to the DPPH resonance frequency, so that all modes with
a linear dispersion f
(nmr)
res ∝ H0 appear as straight lines,
whereas modes with a non-linear dispersion are curved.
Note, that the field values displayed on the y-axis repre-
sent the magnetic field strength measured with the Hall
probe.
The different modes appearing in the color plot in
Fig. 2 (a) can be identified in a straightforward manner.
At first, all visible resonances are fitted using Eq. (5)
in order to extract f
(nmr)
res and ∆f (nmr). Furthermore,
the DPPH resonance line is identified as straight line at
f − fDPPH = 0 MHz and the resonance fields HDPPH0 are
calculated using Eq. (4).
Second, the straight lines at about f − fDPPH ≈
−60 MHz and f − fDPPH ≈ −740 MHz are identified as
the (110)- and (210)-mode, respectively. A simultaneous
fit of the dispersion relations18
f (110)res =
gYIGµB
2pi~
µ0 (H0 +Hani) (6)
and
f (210)res =
gYIGµB
2pi~
µ0
(
H0 +Hani − 2
15
Ms
)
(7)
to the measured values of f
(110)
res , f
(210)
res and µ0H
DPPH
0
yields gYIG = 2.0054(3), µ0Ms = 176.0(4) mT and
µ0Hani = −2.5(4) mT. The error of gYIG is given by the
systematic error introduced by the field normalization
using gDPPH. The errors in µ0Hani and µ0Ms are given
by δµ0Hdisp + δµ0Hstray. All values are in good agree-
ment with previously reported material parameters36–40
for YIG (gYIG = 2.005(2), µ0Hani = −5.7 mT and
µ0Ms = 180 mT) and, hence, justify the (110)- and (210)-
mode assignments.
Third, the complete MSM manifold is computed using
the extracted material parameters. The mode numbers
of the remaining modes are determined from the charac-
teristic dispersions. Fig. 2 (b) shows the dispersions of
the identified modes as function of f
(nmr)
res − fDPPH and
HDPPH0 , with very good agreement of theory (lines) and
experiment (circles). Slight deviations between model
predictions and data might be attributed to a non-perfect
spherical shape of the sample, which would change the
boundary conditions for the magnetization dynamic in
the YIG spheroid, and thus the dispersion relations.
In Fig. 3 (a) the linewidth ∆f (nmr) of each MSM is
plotted versus its resonance frequency f
(nmr)
res . The offset
∆f
(nmr)
0 is magnified by a factor of 5 to emphasize the
differences in the inhomogeneous line broadening. Indi-
vidual fits of all ∆f (nmr) to Eq. (2) yield identical slopes
for all modes within a small scatter, which is also evident
from the linewidth data in Fig. 3 (a). Hence, the Gilbert
damping parameter and inhomogeneous line broadening
are obtained from a simultaneous fit of Eq. (2) to the
extracted data points. Here, α is a shared fit parameter
for all MSMs, but the inhomogeneous line broadening
∆f
(nmr)
0 is fitted separately for each mode. To avoid
fitting errors, the linewidths data are disregarded when
a mode anti-crossing is observed, since this results in a
45 10 15 20 25
∆
f 
(n
m
r)
 (M
H
z)
f
res       
(GHz)
(a)
0
(110)
(440)
(531)
(530)
(511)
(631)
(502)
(nmr)
2
4
6
8
10
O!set x5
(b)
0.0
0.5
1.0
1.5
2.0
∆
f 0
(n
m
r)
 (M
H
z)
-500 0 500-250 250
∆f
0
0=0.3 MHz
(1
1
0
)
(4
4
0
)
(5
3
1
)
(5
3
0
)
(5
1
1
)
(6
3
1
) (5
0
2
)
Measurement
Theory
 f
res      
- f
DPPH
 (MHz)(nmr)
FIG. 3. (a) Linewidth vs. resonance frequency of the
measured MSMs. The Gilbert damping of all MSMs is
α = 2.7(5) × 10−5 as evident from the same slope of all
curves. The inhomogeneous line broadening is different for
each MSM. Note that the data points are plotted with an off-
set proportional to the inhomogeneous line broadening. (b)
Inhomogeneous line broadening as a function of f − fDPPH.
pronounced increase in linewidth.41 As evident from the
solid fit curves in Fig. 3 (a) the evolution of the linewidth
with resonance frequency of all measured MSMs can be
well described with a shared Gilbert damping parameter
of α = 2.7(5) × 10−5, independent of the mode num-
ber and the mode intensity. The latter strongly sug-
gests a negligible effect of radiative damping on the mea-
sured linewidths.42 The error in α is given by the scat-
ter of α from the independent fits. Other groups report
Gilbert damping parameters for YIG films43–49 larger
than α = 6.15×10−5, whereas for bulk YIG37,49,50 values
of α = 4 × 10−5 are found. Hence, the Gilbert damp-
ing parameter obtained here is the smallest experimen-
tal value reported so far. The results are in agreement
with the notion, that the Gilbert damping parameter is a
bulk property which only depends on intrinsic damping
effects. However, the inhomogeneous line broadening is
indeed different for the various MSMs.
Fig. 3 (b) shows the extracted values for the inhomo-
geneous line broadening (filled dots) as a function of
f
(nmr)
res − fDPPH. The error bars indicate the variation of
the inhomogeneous line broadening between global and
individual fits. In order to show the approximate posi-
tion of the modes in comparison to Fig. 2, the x-scale is
calculated for a magnetic field strength of µ0H = 0.5 T.
Additionally, the linewidths ∆f
(nmr)
0 for all modes are
calculated using the two-magnon scattering theory, given
in Eq. (4) of Ref. 21 (open circles). For the calculations of
the linewidths, a pit radius R = 350 nm and a constant
linewidth contribution of ∆f00 = 30 kHz was assumed.
Since the calculated ∆fm-m are slightly frequency depen-
dent, the average linewidth values for the measured field
and frequency range are used and the standard deviation
is indicated by the error bars of the open symbols. For
most MSMs the variation is smaller than 10 kHz. Never-
theless, the (440)-mode should show a prominent peak in
the linewidth measurement at about f
(440)
res = 10 GHz in
Fig. 3 (a),21 which is however not observed in the experi-
mental data. Additionally, the (110)-MSM shows a much
larger linewidth than expected from the calculations. In
a perfect sphere the (110)-mode is degenerate with the
(430)-mode,18 but in a real sphere this degeneracy might
be lifted. If the difference of the (110)- and (430)-mode
frequencies is smaller than the linewidth of the measured
resonance, an additional inhomogeneous line broadening
is expected. Indeed, a careful analysis of the (110)-MSM
line shape reveals a second resonance line in very close
vicinity to the (110)-mode, yielding an artificial inhomo-
geneous line broadening of this mode. Besides these two
MSMs, an excellent quantitative agreement between the
two-magnon scattering model and experiment is found.
In conclusion, broadband ferromagnetic resonance ex-
periments on magnetostatic modes in a YIG sphere are
presented and various magnetostatic modes are identi-
fied. The linewidth analysis of the data allows to distin-
guish between the Gilbert damping and inhomogeneous
line broadening. A very small Gilbert damping parame-
ter of α = 2.7(5)× 10−5 is found for all MSMs, indepen-
dent of their mode indices. Furthermore, the inhomoge-
neous line broadening differs between the various magne-
tostatic modes, in agreement with the expectations due
to two-magnon scattering processes of the magnetostatic
modes into the spin-wave manifold.
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